MAT 242 Test 3 SOLUTIONS, FORM A

-2 4 1
. 20 . 1 . 4 L .
1. Let o7 = =151 and U3 = aE Note that B = {¢', ¥, U3} is an orthogonal set. Also,
4 2 -2
let W be the subspace spanned by {¥1, U, U3}
—2 4 17
2 1 4
A= 1 -2 2
4 2 =24
—137
a. [15 points] Find the orthogonal projection of { 13 into W, without inverting any matrices or
1.
solving any systems of linear equations.
v -u 75
_ Y _ 37
C1 7L T o5
Uy -u  —50
Co = = —— = — s
T -0, 25
v3-d 75
— =_— =3
ST 25
—11
o aa 16
p=Ac= 13
2

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:

—5 points for using the (A" A)~' AT formula.

b. [10 points] Find an orthonormal basis for W.

vy - U =25

Uy - Uy = 25

Ty - U3 = 25
4/5 1/57 1-2/5
1/5 4/5 2/5
—2/5(°| 2/5|°| 1/5
2/5] L-2/5 4/5

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM A

0 0 0
2. Let W be the subspace spanned by :3 , 73 , g . Note that this basis is not orthogonal.
-1 -3 7
-1

a. [15 points| Find the vector in W closest to _g

4
1 =5
c=(ATA) (ATB) = —;1
0
F= A¢= _g
4

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.
Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points] Find an orthogonal basis for W.

0
NEW; = OLD; = :g
1
0 0 0
OLD, - NEW; 3| 9|-2 ~1
Wz = OLD: NEW, - NEW; i 0| 9]|-2 2
-3 -1 )
0 0 0 0
OLDs- NEW; OLDs - NEW, 50 —27 -2 -9|-1 -2
NEW; = OLDg— ———3" 771 npyw, - 2223 272 Npyy, — _et B -
Ws = OLDs NEW, - NEW, W NEW, - NEW, Wa=15 9 |-2| 9 2 1
7 ~1 -2 2

Grading: +5 points for each vector. Grading for common mistakes: +5 points (total) for dividing each

vector by its length.



MAT 242 Test 3 SOLUTIONS, FORM A

3. Do the following, for the following set of data points: (—4,—93), (—1,-3), (0,—1), (4, 27).
a. [10 points] Find the parabola y = ax? + bx + ¢ which best fits these points.

16 —4
1 -1
0 0
16 4

-93

-3
B= -1

27
a —2393/979

bl =(ATA) Y ATB) = | 14445/979
6221/979

[ S

o

—2393 , 14445 6221 )
= (—2.444331 14.754852 35444
570 ©t grg Tt g = 331) 2% + (14.754852) = + 6.354443

Grading: +3 points for A, +2 points for B, +3 points for finding the coeflicients, +2 points for the
equation y = - - -.

b. [10 points] Find the parabola y = az? + ¢ with no linear term which best fits these points.

16 1

1 1

A= 0 1
16 1

-93

-3

B= -1
27

_ —2
m = (ATA)"YATB) = [_1}
y = —2z — 1 = (—2.000000) 2> — 1.000000

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -



MAT 242 Test 3 SOLUTIONS, FORM A

4. [10 points] Find the Least Squares Solution to the following system of linear equations:

-1 + 5582 — 3563 = -2
2.(81 + 3£82 — 4%3 = 0
3%1 + z — 3%3 = 2
3r1 — 4x9 + bz = —4

» —141/217 —0.649770
&= (ATA)  (ATB)=|-342/217 | = | —1.576037
—361/217 —1.663594

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding Az.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

—4

2
—4
—4

T S
AT=[-4 2 -4 4] RREF [1 -1/2 1 1]
—4x1 4+ 229 — 4x3 — 4y = 0

Parameterized by:

- 1/2 1 1
e | 1 0 0
o e Y A BT e
Tq 0 0 1

Grading: +5 points for AT, +10 points the null space basis. Grading for common mistakes: +5 points
(total) for Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM B

1 -2 0
1. Let ¥; = 73 , Uy = ol and U3 = (1) . Note that B = {¥;, 72,73} is an orthogonal set. Also,
-2 -2 0
let W be the subspace spanned by {¥1, ¥, U3}.

1 -2 0

-2 1 0

A 0 0 1
-2 -2 0

-5
a. [15 points] Find the vector in W closest to _11 , without inverting any matrices or solving any
7
systems of linear equations.
v -u =27
cL=———F=—=-3,
' 101 9
vp-u 0
C = 5 = = - = 0,
? 2-v2 9
5o -]
o Bl Ly

3 U3 1
-3
oo 6
p=Ac= 1
6

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:
—5 points for using the (A" A)~' AT formula.

b. [10 points] Find an orthonormal basis for W.

171 ﬁl =9

Vg Up =9

V3 173 =1
1/37 1-2/37 [0
—2/3 13| |0
0’ 0”1
—2/31 L-2/31 Lo

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM B

-2 0 -5
2. Let W be the subspace spanned by le , g , _Eg . Note that this basis is not orthogonal.
2 0 0
6
. . . -12
a. [15 points| Find the vector in W closest to [ ek
9
) 4
c=(ATA) " (ATB)=|-8
-2
2
L .- |14
p=Ac= 6
8

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.
Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points| Find an orthogonal basis for W.

-2
NEW, = OLD, = ‘11
2
0 -2 2
B OLD, - NEW; s 25| 4| |1
NEW2 = OLD: = o N, VEW = 15|~ 35 | 1 4]
0 2 )
-5 -2 2
OLD; - NEW; OLDs - NEW, 5| =25 | 4| -5 1
NEW; =OLDy————3" """ L NEW, - =23 "= "2 NEW, = —— _-P _
Ws = OLDs NEW, - NEW, W NEW, - NEW, e ~15| 25 25 4
0 2 -2

1
Grading: +5 points for each vector. Grading for common mistakes: +5 points (total) for dividing each
vector by its length.



MAT 242 Test 3 SOLUTIONS, FORM B

3. Do the following, for the following set of data points: (—5,—133), (—4,—71), (0,—3), (3,27).
a. [10 points] Find the parabola y = ax? + bx + ¢ which best fits these points.

2% -5 1
16 —4 1
A=1"% 0 1
9 3 1
133
-7
B=1 _3
97
a _1821/781
bl =(ATA)YATB) = | 10613/781
c 3537/781
1821 , 10613 3537 ,
_ — (—2.331626 13.588988) 7 + 4.528809
V= U e P e Jom+( Jo+

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -.

b. [10 points] Find the parabola y = az? + ¢ with no linear term which best fits these points.

25 1
16 1
A=10 1
9 1
~133
—71
B=1 3
27
al T a1y T o | —1968/337
u =) B){ 9435/337

—1968 , 9435 )
= = (-5. 27.
Y=g a® + o = (~5.830763) 2 + 27.997033

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -



MAT 242 Test 3 SOLUTIONS, FORM B

4. [10 points] Find the Least Squares Solution to the following system of linear equations:

4:E1 + 5172 = -3

r1 + T9 + T3 = 0

— 4(E3, = 2

—3x1 + 3z9 + 223 = —7
) 1544/1871 0.825227
&= (ATA)  (ATB) = | -16015/13097 | = | —1.222799
—5809/13097 —0.443537

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding Az.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

0

—_

—
AT =[0 1 -4 4] RREF [0 1 —4 4]
o — 4dx3 + 44 = 0

Parameterized by:

T 1 0 0
o 4 —4
S e I e B I
T4 0 0 1

Grading: +5 points for AT, +10 points the null space basis. Grading for common mistakes: +5 points
(total) for Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM C

0 0 1
S -2 . 1 - 0 L oy
1. Let ¥; = =1 o and U3 = ol Note that B = {¥1, U2, U3} is an orthogonal set. Also,
-2 -2 0

let W be the subspace spanned by {¥1, U, U3}

0 0 1
-2 1 0
A= 1-2 0
-2-2 0
2
a. [15 points] Find the vector in W closest to _; , without inverting any matrices or solving any
—11
systems of linear equations.
v -d 18
C = = = = — = 27
! 1-v1 9
Uy -t 27
Co = - - = — = 37
2 22 9
Us - U 2
C3 = 33 ijl =- =2
3-U3 1
2
I
p=Ac= 4
—10

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:
—5 points for using the (A" A)~' AT formula.

b. [10 points] Find an orthonormal basis for W.

U101 =9

Uy Vg =9

U3 - U3 =1
0 1 0
—2/3| o 1/3
13 [0 | -2/3
—9s31 Lol L-23

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM C

1 -3 9
2. Let W be the subspace spanned by ol 7; , :1 . Note that this basis is not orthogonal.
0 2 —4
1
a. [15 points] Find the orthogonal projection of 7111 into W.
3

2

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.
Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points] Find an orthogonal basis for W.

1
NEW, = OLD, = _g
0
-3 1 )
OLD, - NEW; 1| -9 2 1
Wa = OLD; NEW, - NEW; m 2 9 | -2 {0
2 0 2
9 1 ) 2
OLDs - NEW; OLDs - NEW, 1| 9| 2| —21] 1 0
NEW; =OLDy————3" """ L NEW, - =23 "= "2 NEW, = 7 ot _
Ws = OLDs NEW, - NEW, W NEW, - NEW, Wa=1_1179 -2 9 0 1
—4 0 2 2

Grading: +5 points for each vector. Grading for common mistakes: +5 points (total) for dividing each
vector by its length.



MAT 242 Test 3 SOLUTIONS, FORM C

3. Do the following, for the following set of data points: (—5,—10), (—4,12), (0,0), (2, 18).
a. [10 points] Find the line y = ax + b which best fits these points.

-5 1

-4 1

A= 0 1

2 1

—10

12

B= 0

18
al T et AT | 292/131
[b} =A@ ATA4B) _'[1166/131]

292 1166
y= 1317+ gy = (2:229008) 7 + 8.900763

Grading: +3 points for A, +2 points for B, +3 points for finding the coefficients, +2 points for the
equation y = - - -.

b. [10 points] Find the parabola y = az? + ¢ with no linear term which best fits these points.

25 1

16 1

A= 0 1
4 1

—10

12

B= 0
18

[ﬂ L (ATA) (AT B) = {—844/1563]

5770/521

—844 , 5770 )
=2 2 (0. 11.074
eg T ggp = (F0.539987) 2% 4 11.074856

Grading: +3 points for A, +2 points for B, +3 points for finding the coefficients, +2 points for the
equation y = - - -.



MAT 242 Test 3 SOLUTIONS, FORM C

4. [10 points] Find the Least Squares Solution to the following system of linear equations:

—2I1 —|— 2.172 —|— 41}3
—T1 —+ 4%2 —+ 5(E3 =

r1 + 5(E2 + 3%3,
—x1 + X2 = —

T O O Ot

» 785/399 1.967419
= (ATA)  (ATB) = | —940/399 | = | —2.355890
375/133 2.819549

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding Az.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

2 —4 -2
2 0 2
2101 2|°|-2
1 —4 3
2 2-2 1 1 0 0-1/2
AT =1-4 0 2—-4| RREF [0 1 0 -2
-2 2-2 3 0 0 1 -3

201 + 229 — 223 + x4 =0
—4xq + 2x3 — 4xy = 0
—2x1 + 229 — 223 + 324 = 0

Parameterized by:

X1 1/2
i) . . 2
I3 - 3
Ty 1

Grading: 45 points for AT, +10 points for the null space basis. Grading for common mistakes: 45 points
(total) for Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM D

0 2 1
S 0 - -1 . -2 L .
1. Let o7 = 1= ol and U3 = ol Note that B = {¢', ¥, U3} is an orthogonal set. Also,
0 2 -2

let W be the subspace spanned by {¥1, U, U3}

0 2 1
0 -1 -2
A= -1 0 O
0 2 -2

a. [15 points] Find the orthogonal projection of {2 into W, without inverting any matrices or

solving any systems of linear equations.

v-u 2
cl_ﬂIH:7:27
V1 U1 1
Uy 9
Co = :7:1,
2 1_)‘2'_'2 9
vg-u 0
Ca = =—=0
3 1-].3__,3 9 )

2
p=A¢= :;
2

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:
—5 points for using the (A" A)~' AT @ formula.

b. [10 points] Find an orthonormal basis for .

v .U =1

Vg Uy =9

U313 =9
2/3 0 1/3
~1/3 ol |-2/3
o1’ -1/’ 0
2/3 ol L-2/3

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM D

2 -1 r 4
2. Let W be the subspace spanned by ; , :; , _Ei’ . Note that this basis is not orthogonal.
4 141 L -2
3
a. [15 points| Find the vector in W closest to :(75
-9
2
F=(ATA) T (ATB) = |1
1
1
p=ae=| "}
-8

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.
Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points| Find an orthogonal basis for W.

2
NEW, = OLD; = ;
4
—7 2 r—1
B OLDs - NEW; IS NG T
NEW; = OLD: NEWl-NEwlNEwl_ 2 2% (2| | 4
~14 4 |2
4 r2 -1 4
OLD; - NEW, OLD; - NEW, 30 -25|1| —-50| 2 2
NEW; = OLD3———23" "~ NpW,———23" " ~"2 NEW, = = i _
Ws = OLDs NEW, - NEW, W NEW, - NEW, Ws —11| 25 |2| 25 4 ~1
-2 L 4 -2 -2

Grading: +5 points for each vector. Grading for common mistakes: +5 points (total) for dividing each
vector by its length.



MAT 242 Test 3 SOLUTIONS, FORM D

3. Do the following, for the following set of data points: (—3,51), (—2,20), (0,0), (4, —40).
a. [10 points] Find the line y = ax + b which best fits these points.

—3 1
—2 1
A=191
4 1
51
20
B=1 "9
—40
al T o1 AT | —1381/115
1) -rarirm- [
—1381 546
= 22 = (—12. 4.74782
y= 1=+ 13z = (—12.008696) 2 + 4.747826

Grading: +3 points for A, +2 points for B, +3 points for finding the coeflicients, +2 points for the
equation y = - - -.

b. [10 points] Find the parabola y = az? + ¢ with no linear term which best fits these points.

9 1
4 1
A= 0 1
16 1
51
20
B = 0
—40
al T T [—1303/571
[c} =A@ A4 B) = { 13872/571
1303 , 13872 ,
= = (—2.281961 24.294221
Y 5715E+571 ( 81961) z° + 9

Grading: +3 points for A, +2 points for B, +3 points for finding the coefficients, +2 points for the
equation y = - - -.



MAT 242 Test 3 SOLUTIONS, FORM D

4. [10 points] Find the Least Squares Solution to the following system of linear equations:

4581 — T2 + 5CC3 = 7

xr1 + 31‘2 — X3 = 5

—r1 + a9 — 43 = 2

— 2.%'2 — 5.1‘3 = =2
. 647/303 2.135314
i=(ATA)  (ATB)=| 3962/3333 | = | 1.188719
—733/3333 —0.219922

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding Az.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

4 -3
1 0
317 0
-2 -1

T [-3 0 0-1]%hen’ [l 0 0 1/3
A‘[4132}RREF 0 1 3-

10/3

—3%1 — Xyg4 = 0

4y + 9 + 323 — 224 = 0

Parameterized by:

1 0 -1/3

To| _ -3 10/3

I3 - 1 * 6 0

Ty 0 1

Grading: +5 points for A", +10 points the null space basis. Grading for common mistakes: +5 points
(total) for Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM E

0 0 0
1. Let ©h = (1) , Up = (1) , and U3 = 8 . Note that B = {4, 02,03} is an orthogonal set. Also, let W
0 0 1

be the subspace spanned by {¥}, 02, U3}.

o o = O
= O O O

a. [15 points] Find the vector in W closest to , without inverting any matrices or solving any

CwoR oo

systems of linear equations.

=
£

=
S

St
IS

62: =

St
St

S
S

cy = =

P=Ac=

S
C'ol
O WO IO =W N

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:
—5 points for using the (A" A)~' AT @ formula.

b. [10 points] Find an orthonormal basis for .

v -0 =1
Vg - Ug =1
0 0 0
0 1 0
1{7]10]710
0 0 1

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM E

0 0 0
2 3 10 . -
2. Let W be the subspace spanned by ol 1ol 1 . Note that this basis is not orthogonal.
1 3 5
-1
a. [15 points] Find the orthogonal projection of _1(1) into W.
-5
c=(ATA) (A'B)=|-3
2
0
. . -1
p=Ag=1 4
-5

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.

Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points| Find an orthogonal basis for W.

0
NEW, = OLD, = g
1
0 0 0
OLD, - NEW, 31 92 1
NEWy = OLDy — ——2""""1 NEW, = -z =
We = OLD: NEW, - NEW, Wi=1g] 9|2 -2
3 1 2
0 0 0 0
OLDs - NEW, OLD3 - NEW, 0] 272 18| 1 2
NEWs =0OLD3—————— NEW,———————— > NEWy = = = -
Ws = OLDs NEW, - NEW, W NEW, - NEW, e 1| 9 |2] 9 |-2 -1
5 1 2 —2

total) for dividing each

—~

Grading: +5 points for each vector. Grading for common mistakes: +5 points

vector by its length.



MAT 242 Test 3 SOLUTIONS, FORM E

3. Do the following, for the following set of data points: (—1,11), (1,3), (2,20), (4,126).
a. [10 points] Find the parabola y = ax? + bx + ¢ which best fits these points.

1-1 1
11 1
A=14 21
16 4 1
11
3
B=1 9
126
a 19/2
bl =(ATA)YATB) = | —149/26
c —95/26
19 ~149 95
y= 3:[;2 + 5 T T3 = (9.500000) 2 + (—5.730769) = — 3.653846

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -.

b. [10 points] Find the parabola y = az? + bx passing through the origin which best fits these points.

1-1
11
A=14
16 4
11
3
B=1 9
126
al T et AT | 1957211
[b} =A@ A4 B) = {—1264/211
1957 , —1264 )
= = (9.274882 —5.990521
y= e’ @ = (9-274882) 2% + (~5.990521)

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -



MAT 242 Test 3 SOLUTIONS, FORM E

4. [10 points] Find the Least Squares Solution to the following system of linear equations:

4I1 + 21}3 = 5

-1 + 5(E2 = -7

—5!1,'1 + 4(E2 - 2(E3, = 3

—3$1 — X2 = =2
) 238/341 0.697947
i=(ATA) (ATB)=| —285/682| = | —0.417889
—1015/682 —1.488270

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding Az.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

- _—
A = [0 -1 =2 2] RREF [0 1 2 —2]
— Ty — 223 + 224 = 0

Parameterized by:
L1
T2
T3
L4

I
Q

0

9
1| T
0

— o NN O

1
0
0 +5-
0

Grading: +5 points for AT, +10 points the null space basis. Grading for common mistakes: +5 points
(total) for Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM F

0 0 -1
- 0 S 0 S 0 ey
1. Let ¥; = ol %=1 and U3 = ol Note that B = {¥1, U2, U3} is an orthogonal set. Also,
-1 0 0
let W be the subspace spanned by {¥1, U, U3}.
0 0 -1
0 0 O
4= 0 1 0
-1 0 O
2
a. [15 points] Find the orthogonal projection of {;} into W, without inverting any matrices or
0

solving any systems of linear equations.

S o 0
01_31327:07
(% 1 1
Uy - —3
62:_' _’:7:—37
2 - Ua 1
S o )
0311]33:T:*2a

3° U3
2
p=Ac= _g
0

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:
—5 points for using the (A" A)~' AT formula.

b. [10 points] Find an orthonormal basis for W.

v v =1
Vg Tp =1
’03'173—1
0 -1 0
0 0 0
of"| o]’ |1
-1 0 0

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.



MAT 242 Test 3 SOLUTIONS, FORM F

-1 2 -7
2. Let W be the subspace spanned by g , _18 , _(1) . Note that this basis is not orthogonal.
-2 7 -2
3
a. [15 points| Find the vector in W closest to _é
—6
34
= (ATA) T (ATB)=| 8
-3
3
p=ae=| o
—6

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.
Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points| Find an orthogonal basis for W.

1
0
NEW, = OLD, = 2]
)
2 17 )
OLD, - NEW, ol =36 0 0
NEWy = OLDy — ——2""""1 NEW, = - =
We = OLD: NEW, - NEW; W ~10 9 2 -2
7 2] 1
-7 r—1 —2 )
OLDs - NEW; OLDs - NEW, ol 9] o] 18] o 0
NEWs =0OLD3———-——— NEW,———————— = NEWy = _Z = -
Ws = OLDs NEW, - NEW, W NEW, - NEW, We=|_1|79| 2| 9 |-2 1
-2 -2 -1 2

Grading: +5 points for each vector. Grading for common mistakes: +5 points (total) for dividing each

vector by its length.



MAT 242 Test 3 SOLUTIONS, FORM F

3. Do the following, for the following set of data points: (—5,110), (—3,26), (0,5), (4, —79).
a. [10 points] Find the parabola y = ax? + bx + ¢ which best fits these points.

2% —5 1
9 -3 1
A=119 0 1
16 4 1
110
26
B=1 5
~79
a 553/781
b| =(ATA)HATB) = | —14518/781
c 9325781
553 , 14518 9325 ,
_ 202 - — (0.708067 —18.588988)  — 11.939821
v=at TR Y )a" + )o

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -.

b. [10 points] Find the parabola y = az? + bz passing through the origin which best fits these points.

25 =5
9 -3
A= 0 O
16 4
110
26
[
—-79

al T o1 AT o 244/3363

M =A@ 474 B) = [—63064/3363
244 .2 —63064
"~ 3363 3363

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -

Y r = (0.072554) % + (—18.752304) x



MAT 242 Test 3 SOLUTIONS, FORM F

4. [10 points] Find the Least Squares Solution to the following system of linear equations:

—5I1 — X9 — 21}3 = 5

21’1 + 3(E2 — X3 = -7

5£C1 + 5(E2 — 2%3 = —6

—3xr1 — a9 + 3x3 = —6
. 2849/4377 0.650902
&= (ATA)  (ATB)=|-26779/8754 | = | —3.059059
—7241/2918 —2.481494

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding Az.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

-1
4
0
4

T —_—
AT=[=1 4 0 4] RREF [l —4 0 —4]
—x1 + 4xo + 4xy =0

Parameterized by:

xT1 4 0 4
| |1 o o
s = ol TP 1] T o
Tq 0 0 1

Grading: +5 points for A", +10 points the null space basis. Grading for common mistakes: +5 points
(total) for Gram-Schmidt.
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2 —4 -2
S -2 . -1 . 2 L oy
1. Let o7 = A= 5| and U3 = ik Note that B = {¢', ¥, U3} is an orthogonal set. Also,
1 -2 4
let W be the subspace spanned by {¥1, U, U3}
2 —4 -2
-2 -1 2
A= 4 2 1
1 -2 4
-7
a. [15 points] Find the vector in W closest to _12 , without inverting any matrices or solving any
—11
systems of linear equations.
v - 25
= = —_— ]~7
“ H1 . H1 25
Uy - T
= = — = 37
= _'2 . _)2 25
U4 —50
3 =575 = — = —2,
3+ U3 25
-6
N
p=Ac= 3
—13

Grading: +10 points for finding the ¢;s, +5 points for finding p. Grading for common mistakes:
—5 points for using the (A" A)~' AT @ formula.

b. [10 points] Find an orthonormal basis for .

vy - U =25

Uy - Uy = 25

Ty - U3 = 25

—2/57 1-4/5 2/5
2/5| | -1/5| | —2/5
157 2/5|°| 4/5
4/5] L-2/5 1/5

Grading: +5 points for knowing to divide a vector by its length, +5 points for doing it with the orthog-
onal basis. Grading for common mistakes: +5 points (total) for doing Gram-Schmidt.
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0 -2 -3
2. Let W be the subspace spanned by _(1) , 1 , _g . Note that this basis is not orthogonal.
0 2 0
6
a. [15 points] Find the orthogonal projection of (1) into W.
-3
—1 -3
c=(ATA) (ATB)=|-2
0
4
p=A¢= _?
—4

Grading: +3 points for finding A and u, 43 points for the formula, +4 points for the calculation.
Grading for common mistakes: —5 points for only finding the coordinates.

b. [15 points] Find an orthogonal basis for W.

0
NEW, = OLD, = (1)]
0
-2 0 -2
B OLD, - NEW; 1] - o | 1
NEWe = 08D = Npw, vew, VP T | T [ T o
2 0 2
-3 0 —2 -1
OLD; - NEW; OLD3 - NEW, 31 3| ol 9| 1 2
NEW3=0OLD3————-——— NEWi——————— - NEW, = = _Z -
Ws = OLDs NEW, - NEW, W NEW, - NEW, e 3| 1|-1| 9] o0 0
0 0 2 -2

Grading: +5 points for each vector. Grading for common mistakes: +5 points (total) for dividing each
vector by its length.
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3. Do the following, for the following set of data points: (—5,5), (—2,17), (—1,9), (4, 149).
a. [10 points] Find the parabola y = ax? + br + ¢ which best fits these points.

25 -5 1
4 -2 1
A=11.11
16 4 1
5
17
B=1 "y
149
a 2148/829
bl =(ATA) Y ATB) = | 15202/829
c 27805/829

2148302 n 1520295 n 27805
829 829 829

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -.

y= = (2.591074) 2 + (18.337756) x + 33.540410

b. [10 points] Find the parabola y = az? + ¢ with no linear term which best fits these points.

25 1

4 1

A= 1 1

16 1

)

17

B= 9

149
al T et T | 172/123
[c} =A@ A4 B) = {3557/123

172 , 3557 )
y= 537" + Tog = (1:398374) 2% + 28.918699

Grading: +3 points for A, +2 points for B, 43 points for finding the coefficients, +2 points for the
equation y = - - -
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4. [10 points] Find the Least Squares Solution to the following system of linear equations:

—X —|— 2.172 —|— 21}3 = —1
741’1 — 2%2 - 4(E3 = -3

—2!1,'1 - 4(E2 - 5(E3, = 2

—5$1 — 41‘2 = 3
» 1884/3215 0.586003
= (ATA)  (ATB)=|-4833/3215| = | —1.503266
2432/3215 0.756454

Grading: +5 points for writing down A and B, +2 points for the normal equation, +3 points for the
calculation. Grading for common mistakes: —3 points for finding AzZ.

5. [15 points] Find a basis for W+, the orthogonal complement of W, if W is the subspace spanned by

~17 -3
2| | -3
0| |-2
4 0

AT_[—:& -3 -2 0] —>RREF [1 0 4/3 4}

-1 -2 0 4 0 1-2/3 -4
—33)1 — 3$2 — 21‘3 =0
—xr1 — 2172 + 4134 =0
Parameterized by:
1 —4/3 —4
i) _ . 2/3 . 4
oy | =@ AR
T4 0 1

Grading: +5 points for AT, +10 points the null space basis. Grading for common mistakes: +5 points
(total) for Gram-Schmidt.



