1. [15 points] Use Cramer’s Rule to solve the following system of linear equations for z.

Solution:

for another method that gave the wrong answer.

MAT 242 Test 1 SOLUTIONS, FORM A

xTr =

T 10

—3x — 2y

20 — 2y
-1 -2

3 -2
-3 -2

2 =2

4
5

Grading: +5 points for each determinant, +5 points for combining them. Grading for common
mistakes: +5 points (total) for another method which gave the correct answer; +3 points (total)

2. [15 points] How many solutions does each of the following systems of linear equations have? Circle the

entries which led you to your conclusion.

(a)

Solution: Correct answers are given above, and the relevant entries are in boldface.

cating the relevant entries.

!

-1
0
0
0

[= el V)

S O =O

0

[= el V) O O

O = OO

-1
-3
0
0

oo r~Oo

O O Wi

0

0
1
0

o~ oo

—4
-3
2
0

0
-3
1
-1

’ infinitely many ‘

None

Exactly one

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief
explanation). Grading for common errors: —3 points for a wrong answer, —1 points for not indi-



3. [20 points] Find the inverse of the matrix

-1
—2
-1

0
1
1

1
0 | using Gauss-Jordan Elimination. (Other meth-

0

ods may result in the loss of points.)

Solution: Typical row operations are shown below.

1 0 1/1 0 o0 [ 1 0 —-1/-1 0 o0
2 1 0/0 1 0l —-® |-2 1 o 0 1 o0
1 1 o0lo o0 1 1 1 ol 0 0 1
% o _
o |1 0 -1f-1 0 0
0 1 -2/-2 1 0
®+® g 1 —1l-1 0o 1
1 0 —1]-1 0 0
®-® |0 1 -2/-2 1 o0
o o0 1] 1 -1 1
——
1 0 o0lo -1 1
O+® B
) 0 1 0|0 -1 2
@+2® o o 11 -1 1
0-1 1
The inverse is thus| [0 —1 2
1-1 1

Grading: +5 points for the set-up, +10 points for the row operations, +5 points for indicat-
ing the answer. Grading for common mistakes: —7 points for bad row operations; —5 points for
only doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



4. [15 points] Solve the system of linear equations

60$1 — 30172 — 11I3 + 3I4

0
198$1 - 104%2 — 39.’[3 + 121’4 =2
—52x1 + 2Tx9 + 1023 — 324 = 4
1521 — 8ry — 3x3 + Ty = 2
60 —30 —11 37! 1 0 2 3
. 198 —104 —39 12 3 1 9 6 .
using the fact that _52 97 10 —3 =1_9_3_12 ¢l (Other methods may result in the
5 -8 -3 1 3 -1 6 22
loss of points.)
Solution: Use the X = A™'B formula:
1 60 —-30 —11 3 0 1 0 2 3 0 14
oy | | 198 —104 =39 12| 2| | 3 1 9 6| [2]_| 50
x3| | =52 27 10 -3 41 | -2 -3 -12 6 41— | —42
T4 15 -8 -3 1 2 3 -1 6 22 2 66

Grading: +5 points for the A™'B formula, +5 points for substituting A~', 4+5 points for do-
ing the multiplication. Grading for common mistakes: —5 points for AB; +7 points (total) for
using another method and getting the correct answer.

5. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, 2, T3, x4, and 5.

1 0 1 -1 0]-2
o 1 3 -3 1|-6
0 0 0 0 0 O

Solution: The variables which do not have pivots in their columns are x3, x4, and x5. They are
free variables, so set x3 =1, x4 = s, and x5 = t. The rows of the matrix represent the equations

T1+ T3 — x4 = —2 T1=—-2—-23+T4=-2—-1+5s
50
T2+ 3x3 — 3v4 + 25 = —6 To=—-0—-32r3+3x4 —25=—-6—-3r+3s—1

so the parameterization is

T1=—-2—-1r+s
To=—-6—-3r+3s—1

Tr3 =T
Xryg =S
$5:t

where 1, s,t can be any real numbers

Grading: +5 points for finding the free variables, +5 points for finding the equations for the
lead variables, +2 points for writing them together, +3 points for including the “where ... can be
any real numbers” condition.



. [20 points] Find

N W W
|
SO WO
[
N W

1 —
-3
-2

0

Solution: Two methods will be presented below. First, expansion by minors, followed by Sarrus’s
method. (x denotes a matrix whose entries are unimportant.)

- 2 EM : R4 9 -3 _9
0 2 0 O

=2-[(0) + (~12) + (18) — (0) — (9) — (~12)] =

Gaussian elimination:

1-1-2 2 1-1-2 2 1-1-2 2
-3 3 0-3 —=———1{0 0-6 3 (1.0 1T 2
-2 3-3-2| @F30 o 17 2 TS 0 0-6 3
0 2 0 of ®+20 Jo 2 0 0 02 00
1-1-2 2 1-1-2 2
0 1-7 2 0 1-7 2
@ - 20 Do 06 3 @ +20 o 06 3
0 0 14 —4 00 2 2
1-1-2 2 1-1-2 2
0 1-7 2 0 1-7 2
mo@ |00 2 2 00 2 2
> +3
Oc® 1o 06 3 O fo 0 09

(1129 =[15]

Grading for common mistakes: —2 points for not following the + — +— pattern; —10 points for
bad row operations; —5 points for not keeping track of the effects of row operations on the deter-
minant; —5 points for bad planning.



MAT 242 Test 1 SOLUTIONS, FORM B

1. [15 points] Use Cramer’s Rule to solve the following system of linear equations for y.

Solution:

20 4+ 2y = 2
3r — 3y =0
2 2
3 0‘ -6 |1
2 _12_
33‘

Grading: +5 points for each determinant, +5 points for combining them. Grading for common
mistakes: +5 points (total) for another method which gave the correct answer; +3 points (total)
for another method that gave the wrong answer.

1
(@) |0
0

—~

=

=
oo o

—
o
N2
(el = Rranli

0
1
0

OO0OOoO-

[l = I )

0
0
1

o O = O

S O NN

—37
-1
_2_

9
-3
0

0

-3
2
-2
0

[15 points] How many solutions does each of the following systems of linear equations have? Circle the
entries which led you to your conclusion.

Exactly one

’ Infinitely many ‘

None

Solution: Correct answers are given above, and the relevant entries are in boldface.
Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief
explanation). Grading for common errors: —3 points for a wrong answer, —1 points for not indi-

cating the relevant entries.



3 3 -1
3. [20 points| Find the inverse of the matrix [ 1 —2 1 | using Gauss-Jordan Elimination.
0-2 1

Solution: Typical row operations are shown below.

3 3 -1/t o o] __ 1 7 =31 -2 0
1 -2 10 1 ol ®-20 |1 -2 1/0 1 O
0 -2 10 1 0 -2 1lo0 o0 1
s[1 7 =3/ 1 -2 o0
®@-® |0 -9 4/-1 3 0
0 -2 1l 0o 0 1
(1 7 =3/ 1 -2 0
®-5@ |0 1 —-1|-1 3 =5
0 -2 1 0 0 1
(1 7 =3 1 -2 0
®+2® |0 1 -1|{-1 3 =5
0 0 —1|-2 6 -9
s[1 7 =3/ 1 -2 o0
-® |0 1 —-1|-1 3 -5
0O 0 1| 2 -6 9
—> o
O 130 1 7 0|7 —20 27
0 1 0|1 -3 4
@+® 1o o 1|2 -6 9
,[1 0o ol0o 1 -1
-7 [0 1 0|1 -3 4
0 0 1/2 -6 9
0 1 -1
The inverse is thus| [ 1 =3 4
2 -6 9

Grading: +5 points for the set-up, +10 points for the row operations, +5 points for indicat-
ing the answer. Grading for common mistakes: —7 points for bad row operations; —5 points for
only doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



4. [15 points] Solve the system of linear equations

—8Z1 + 6I2 — 7.’,E3 — 5564 =2
—4xy + 2x9 + 323 =0
3r1 — 2x9 + x4 =1
5r1 — 39 — x3 + x4 = 3
—8 6 -7 —57 ! ~1 -3 -3 -2
. -4 2 3 0 -2 -7 -3 -7 .
using the fact that 3_9 0 1 = 0 1-2 2l (Other methods may result in the loss
5-3-1 1 -1 -5 4 -8
of points.)
Solution: Use the X = A™'B formula:
o) —8 6 -7 -57""' 12 -1 -3 -3 -2 2 ~11
| |-4 2 3 0 o |-2-7-3-7| |o| |-28
z3| | 3-2 0 1 1 0o 1-2 2 11 | 4
Ty 5-3-1 1 3 -1 -5 4 -8 3 —22

Grading: +5 points for the A™'B formula, +5 points for substituting A=, 4+5 points for do-
ing the multiplication. Grading for common mistakes: —5 points for AB; +7 points (total) for
using another method and getting the correct answer.

5. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, T3, and z4.

1 -1 0 2|1
0 0o 1 3|7
0 0 0 00

Solution: The variables which do not have pivots in their columns are o and x4. They are free
variables, so set 9 = r and x4 = s. The rows of the matrix represent the equations

T1 — 2o+ 214 =1 x1=14+x9—224=14+7r—2s
so
r3+3x4 =7 r3=7—3x4=7—3s

so the parameterization is

1 =14r—2s

To =T

r3="T7—3s

Ty =S

where r, s can be any real numbers

Grading: +5 points for finding the free variables, +5 points for finding the equations for the
lead variables, 42 points for writing them together, 43 points for including the “where ... can be
any real numbers” condition.



1 1 2 0

. . 2 3 01

. [20 points] Find 3 3 0 2
-1 0 0 2

Solution: Two methods will be presented below. First, expansion by minors, followed by Sarrus’s
method. (x denotes a matrix whose entries are unimportant.)

2 3 0 2 3 1
33 0 ol =——=2+]"3 3 2/40 —|*[+0-+[x|+0-—|x]
- EM :C3 -1 0 2
-1 0 0 2
=2-[(12) + (=6) + (0) — (=3) — (0) — (~18)] = [54.]
Gaussian elimination:
11 2 0 1 1 2 0 1 1 2 0
2 3 0 1| T@-200 [0 1-4 1| ——= |0 1-4 1
-3 3 0 2| Gigy |06 6 2 ®-60 |p 0 30 -4
-1 0 0 2 @+ 01 2 2 ®@-@ 00 6 1
1 1 2 0 1 1 2 0
0 1 -4 1 0 1 -4 1
@@ N @ -50 N
0 0 30 —4 0 0 0-9

= (=1)-(1-1-6-(-9)) =[54.]

Grading for common mistakes: —2 points for not following the +—+— pattern; —10 points for
bad row operations; —5 points for not keeping track of the effects of row operations on the deter-
minant; —5 points for bad planning.



MAT 242 Test 1 SOLUTIONS, FORM C

1. [15 points] Use Cramer’s Rule to solve the following system of linear equations for z.

-2z — 3y =1
2z + y =3
Solution:
1 -3
‘3 1‘ -5 5
ST i S
=0

Grading: +5 points for each determinant, +5 points for combining them. Grading for common
mistakes: +5 points (total) for another method which gave the correct answer; +3 points (total)
for another method that gave the wrong answer.

2. [15 points] How many solutions does each of the following systems of linear equations have? Circle the
entries which led you to your conclusion.

rl 0 02
|y 1o
L 0 0 010
rl 3 0] O
(b) 8 g (1) _(1) ’ infinitely many ‘
LO 0 o0 O
r1 1 0 0 0] 2
0 0 1 0 0 -2
0 0 0 1 0o 3
0O 0 0o o o0 3
L0 0 0 0 o0l 0

Solution: Correct answers are given above, and the relevant entries are in boldface.

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief
explanation). Grading for common errors: —3 points for a wrong answer, —1 points for not indi-
cating the relevant entries.



0 -3 -1
3. [20 points] Find the inverse of the matrix | —1 1 0| using Gauss-Jordan Elimination.
1 0 0]
Solution: Typical row operations are shown below.
0 -3 —-1|/1 0 0 [ 1 0 ol0 0 1
-1 1 010 1 0] @+« 0B -1 1 010 1 0
1 0o 0/0 0 1 | 0 -3 1|1 0 O
|1 0o o0/0 o0 1
@+® |o 1 olo 1 1
0 -3 —-1]|1 0 0
10 0/0 0 1
@®+3® |0 1 olo 1 1
0 0 —1|1 3 3
.1 0 0] 0 O 1
~® |o 1 o] 0o 1 1
0 0 1] -1 -3 -3

0
The inverse is thus 0
B

w = o
W = =

Grading: +5 points for the set-up, +10 points for the row operations, +5 points for indicat-
ing the answer. Grading for common mistakes: —7 points for bad row operations; —5 points for
only doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points

(total) for using another method incorrectly.



. [15 points] Solve the system of linear equations

—x1

-1

-9 -2 -4 0

using the fact that _12 _‘;) _? _(1)
-1 -1 1 -1

of points.)

Solution: Use the X = A™'B formula:

1 -9 -2-4 0
x| | —10 =3 —2 —1
T3 | 4 1 1 0
Ty -1 -1 1 -1

9$1
Oﬂfl
4£C1

-1

-1

2562 — 41‘3 =2
31’2 - 21’3 — Ty = 0
T2 + 23 =1
To + T3 — x4 = 3
1-2-2 2
:i) I g :I . (Other methods may result in the loss
1—-4-7 3
2 1-2-2 2 2 6
ol |-3 7 9-7| o] |-18
1 -1 1 0-1 1| -5
3 1—-4-7 3 3 4

Grading: +5 points for the A™'B formula, +5 points for substituting A~', +5 points for do-
ing the multiplication. Grading for common mistakes: —5 points for AB; +7 points (total) for
using another method and getting the correct answer.

. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, T3, and z4.

0 2 2| 4
1 -2 1]-8
0 0 0 O

Solution: The variables which do not have pivots in their columns are 3 and x4. They are free
variables, so set 3 = r and x4 = s. The rows of the matrix represent the equations

x1 + 203+ 214 =4

To —2x3 + x4 = —8

so the parameterization is

SO

r1 =4 —2x3 —2x4 =4 —2r — 2s
To=—-842r3—24=-84+2r—s

To =
Ir3 =T
Ty =S

r1 =4—2r —2s
—84+2r—s

where r, s can be any real numbers

Grading: +5 points for finding the free variables, +5 points for finding the equations for the

lead variables, 42 points for writing them together, +3 points for including the “where ...

any real numbers” condition.

can be



\
— =

6. [20 points| Find

o wo o
\
wwwo

|
o W N W
|

Solution: Two methods will be presented below. First, expansion by minors, followed by Sarrus’s
method. (x denotes a matrix whose entries are unimportant.)

03 23 -1.3 0
e EM :C1 1 0 3
0o 1 0 3

=3 [(—6) + (=9) + (0) — (0) — (0) — (—27)] =

Gaussian elimination:

0-1 3 0 3 -1 -3 -3 3-1-3 -3
0-3 2 -3 0 1 0 3 0 1 0 3
3-1-3-3 ©@<O® |op-1 3 0o ®+® o 0o 3 3
01 0 3/ @® [0-3 2-3] @+3® o 0o 2 6
3-1-3-3 3-1-3-3

0 1 0 3 01 0 3

0 0 1-3 0 0 1-3

©-@ 00 2 6 @®-20 0 0 0 12

Grading for common mistakes: —2 points for not following the + —+— pattern; —10 points for
bad row operations; —5 points for not keeping track of the effects of row operations on the deter-
minant; —5 points for bad planning.



MAT 242 Test 1 SOLUTIONS, FORM D

1. [15 points] Use Cramer’s Rule to solve the following system of linear equations for y.

3r — y=20
—2x — 2y =3
Solution:
3 0
‘—2 3‘ 9 9
YT T T
!

Grading: +5 points for each determinant, +5 points for combining them. Grading for common
mistakes: +5 points (total) for another method which gave the correct answer; +3 points (total)
for another method that gave the wrong answer.

2. [15 points] How many solutions does each of the following systems of linear equations have? Circle the
entries which led you to your conclusion.

rl 0 0] —27
S
L0 0 0l 0l
Tl 1 0] =37
o 0 1|-1
® [0 o of 3
0 0 0 O
L0 0 0l 0l
! 0 11
0 1 2|0
(¢) O 0 0]0 infinitely many
0 0 00
L0 0 010

Solution: Correct answers are given above, and the relevant entries are in boldface.

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief
explanation). Grading for common errors: —3 points for a wrong answer, —1 points for not indi-
cating the relevant entries.



3 1-1
3. [20 points] Find the inverse of the matrix |4 2 —1

using Gauss-Jordan Elimination.
2 1-1

Solution: Typical row operations are shown below.

3 1 —-1]1 0

o — |1 0 01 0 -1
4 2 —-11]0 1 0ol ©®-0 4 2 —-1]0 1 0
2 1 —-1(0 0 1 2 1 —-1|0 0 1
@ — 40 "1 0 0 1 0 -1
5 0 2 —-1| -4 1 4
®-20 0 1 —-1| -2 0 3
s (1 0 0 1 0 -1
ORZI6) 0 1 —-1|-2 0 3
0 2 —-1| -4 1 4
s (1 0 0 1 0 -1
® -2 0 1 —-1|-2 0 3
0 0 1 0 1 -2
s 1 0 0 1 0 -1
@+0® 0 1 0 —2 1 1
0 0 11 O 1 -2
1 0 -1
The inverse is thus| | -2 1 1
0 1 -2

Grading: +5 points for the set-up, +10 points for the row operations, +5 points for indicat-
ing the answer. Grading for common mistakes: —7 points for bad row operations; —5 points for

only doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



4. [15 points] Solve the system of linear equations

53(171 + 10I2 — 271‘3 + 11174 =0
—20x1 — 3xo + 1023 — 4dxy = 2
101 + 229 — 523 + 224 = 4
—4x1 — To + 23 — Ty = 2
53 10 —27 117! -1-1 3-1
. —-20 -3 10 —4 01 2 0 .
using the fact that 0 2 -5 2 =1 _9_9 5_4 (Other methods may result in the
—4 —1 2 —1 0-1-4-5
loss of points.)
Solution: Use the X = A™'B formula:
T 53 10 —27 117" [0 -1 -1 3 -1 0 8
zo| | —20 -3 10 -4 2 | o 1 2 of |2 | 10
T3 | 10 2 -5 2 417 | -2 -2 5 -4 41— 8
T4 —4 —1 2 -1 2 0—-1 -4 -5 2 —28

Grading: +5 points for the A™'B formula, +5 points for substituting A~', +5 points for do-
ing the multiplication. Grading for common mistakes: —5 points for AB; +7 points (total) for
using another method and getting the correct answer.

5. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, x3, and x4.

10 3 0] 8
0O 1 2 0| 5
o 0 0 1|3
0 0 0 o0 O

Solution: There is only one variable that does not have a pivot in its column: x3. It is a free
variable, so set x3 = s. The rows of the matrix represent the equations

1+ 3z3 =8
P w1 =8—3x3=8—3r
To+2x3 =25 o)
To=5—2x3=5—-2r
Ty = *3
so the parameterization is
I = 8 —3r
T = 5—2r
r3 =T
Ty = -3
where r can be any real number

Grading: +5 points for finding the free variables, +5 points for finding the equations for the
lead variables, 42 points for writing them together, 43 points for including the “where ... can be
any real numbers” condition.



0

. . 2

6. [20 points| Find 0
2

Solution: Two methods will be presented below. First, expansion by minors, followed by Sarrus’s

method. (x denotes a matrix whose entries are unimportant.)

é 2 0-1
3 =2 —| 1 =2 3[4+0-+[*|+0-—|x|+0-+x*]
0 EM : R4 -3 -1 3

Gaussian elimination:

0 2 0-1 2 0 0 0 2 0 0 0
2 1 -2-3 (-1 2 1-2-3 (1) 0 1-2-3
0-3-1 3 0-3-1 3 0-3-1 3
H p—
2 0 0 0 Oe® 0 2 0-1 ®-0 0 2 0-1
2 0 0 0 20 0 0
- 0 1-2-3 0 1-2-3
®@+30 Dy g7 6 @ + 20 Do oo 14
@ -2 0 0 4 5 0 0 4 5
2.0 0 0
0 1-2 -3
0 0 0-—11

Grading for common mistakes: —2 points for not following the + —+— pattern; —10 points for
bad row operations; —5 points for not keeping track of the effects of row operations on the deter-
minant; —5 points for bad planning.



MAT 242 Test 1 SOLUTIONS, FORM E

1. [15 points] Use Cramer’s Rule to solve the following system of linear equations for z.

-2z — 3y =
3r — 2y = =2
Solution:
1 -3
‘—2 —2‘ 8
T2 3] T 13
=

8
13

Grading: +5 points for each determinant, +5 points for combining them. Grading for common
mistakes: +5 points (total) for another method which gave the correct answer; +3 points (total)

for another method that gave the wrong answer.

2. [15 points] How many solutions does each of the following systems of linear equations have? Circle the

entries which led you to your conclusion.

"1 0 0] 2
@ [0 1 0/-3
0 0 1|-2
Lo 0 ol o
1 -3 0] -5
0 0 1| 0
M) o o0 of o
0 0 0| 0
Lo 0 ol 0
1 3 0 0 0] 2
0 0 1 0 0| 0
@ |0 0o 0 1 o0f-2
0 0 0 0 1| 0
L0 0 0 0 O 2

Solution: Correct answers are given above, and the relevant entries are in boldface.

Exactly one

Infinitely many

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief
explanation). Grading for common errors: —3 points for a wrong answer, —1 points for not indi-

cating the relevant entries.



3. [20 points] Find the inverse of the matrix

1 0-1
0 —1 0| using Gauss-Jordan Elimination.

1 0 0

Solution: Typical row operations are shown below.

1 0 -1{1 0 O s |1
0 -1 0ojo 1 0] ®-® 0 -1 0 0
1 0 010 1 0

—_
o

0

0 0 1
The inverse is thus 0-1 0
-1 0 1

Grading: +5 points for the set-up, +10 points for the row operations, +5 points for indicat-
ing the answer. Grading for common mistakes: —7 points for bad row operations; —5 points for
only doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points

(total) for using another method incorrectly.



4. [15 points] Solve the system of linear equations

354x1 + blxy — TTx3 — 24xy4
—75z1 — 1llxy + 1623 + bxy =
—44x1 — 6x9 + 1023 + 314
—14zy — 29 + 3x3 + Ty =

N =N O

354 51 —77 —247 ! -1 -3 -2-3

, 75 11 16 5 3 8 711
using the fact that 44 -6 10 3 |2 6 -3 —9
~14 -2 3 1 2 -8-5 8

. (Other methods may result in the

loss of points.)

Solution: Use the X = A™'B formula:

-1

) 354 51 —77 —24 0 -1 -3-2-3 0 —20
o | | =75 —11 16 5 21 | 3 8 711 2|1 | 66
zs| | —-44 —6 10 3 4| T | -2 -6-3-9| [4| |-42
Z4 -14 -2 3 1 2 -2 -8 -5 8 2 —20

Grading: +5 points for the A™'B formula, +5 points for substituting A=, 4+5 points for do-
ing the multiplication. Grading for common mistakes: —5 points for AB; +5 points (total) for
using another method and getting the correct answer.

5. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, T3, and z4.

10 0 1|3
o 1 2 1|2
0 0 0 0/0

Solution: The variables which do not have pivots in their columns are 3 and x4. They are free
variables, so set 3 = r and x4 = s. The rows of the matrix represent the equations

1 +x4 =3 r1=3—x4=3—5
50
To + 203 +x4 =2 To=2—2x3+x4=2—2r—=s
so the parameterization is
1 =3—8

To=2—2r—s
Ir3 =T
Ty =S

where r, s can be any real numbers

Grading: +5 points for finding the free variables, +5 points for finding the equations for the
lead variables, 42 points for writing them together, 43 points for including the “where ... can be
any real numbers” condition.



6. [20 points| Find

Solution: Two methods will be presented below. First, expansion by minors, followed by Sarrus’s
method. (x denotes a matrix whose entries are unimportant.)

SO 1
- - EM:C1 -3 -2 =2
0-3 -2 -2

01 1 2 3 0-1 3 3 0-1 3
0 2 0-2 .| 02 0-2 01 1 2
3 0-1 3 01 1 2 0 2 0-2
e <

0 -3 -2 -2 OO 0 -3 -2 -2 @O 0 -3 -2 -2
3 0-1 3 -3 0-1 3
01 1 2 (. 0112
®-20 0 0-2-6] 5oa 00 1 4
@ +3@ 0 0 1 4 0 0-2-6

-3 0-1 3

01 1 2
7@ e =(-1)-(-3-1-1-2) =[6.]

00 0 2

Grading for common mistakes: —2 points for not following the + —+— pattern; —10 points for
bad row operations; —5 points for not keeping track of the effects of row operations on the deter-
minant; —5 points for bad planning.



MAT 242 Test 1 SOLUTIONS, FORM F

1. [15 points] Use Cramer’s Rule to solve the following system of linear equations for y.

20 4+ 3y = -2
—3r - y= 1
Solution:
2 =2
I I
Y 2 3 7 |7
5

Grading: +5 points for each determinant, +5 points for combining them. Grading for common
mistakes: +5 points (total) for another method which gave the correct answer; +3 points (total)
for another method that gave the wrong answer.

2. [15 points] How many solutions does each of the following systems of linear equations have? Circle the
entries which led you to your conclusion.

r1 0 0 O 0] -2
0o 1 0 0 3| 2
(a |0 0o 1 o0 —-1] 1
o o0 0 1 =3 2
L0 0 0 0 o0f-1
1 0 0 0]-27
o 1 0 o] 3
wlo o 10
0o 0 o0 1 2
L0 0 0 0l 0
! 3 0]-67
0 0 1|-3
(¢) O 0 0] O Infinitely many
0 0 o0 O
LO 0 0 Ol

Solution: Correct answers are given above, and the relevant entries are in boldface.

Grading: +3 points for the correct answer, +2 points for indicating the entries (or for a brief
explanation). Grading for common errors: —3 points for a wrong answer, —1 points for not indi-
cating the relevant entries.



. [20 points] Find the inverse of the matrix | — using Gauss-Jordan Elimination.

N Ot W
o = O
— w

Solution: Typical row operations are shown below.

-3 0 1/1 0 o] __ [ 1 0 —1]1 0 -2
5 1 3o 1 ol ®-20 |5 1 3/0 1 0
2 0 1lo o 1 —2 0 1j0 0 1]
% _ __
o150 |1 0 -1l 0 -2
; 0 1 —2/5 1 —10
©+20 19 o0 -1/2 0 -3
1 0 -1 1 0 -2
® |0 1 —2| 5 1 -10
0o 0o 1|l-2 o0 3
1 0 0/-1 0o 1
O+
) 0 1 o] 1 1 —4
@+20 |y o 1|2 o 3
1 0 1
The inverse is thus 1 1 -4
2 0 3

Grading: +5 points for the set-up, +10 points for the row operations, +5 points for indicat-
ing the answer. Grading for common mistakes: —7 points for bad row operations; —5 points for
only doing Gaussian Elimination; +10 points (total) for using another method correctly; +5 points
(total) for using another method incorrectly.



4. [15 points] Solve the system of linear equations

28561 - 6$2 - 21‘3 — Xy = 0
105.%1 — 201’2 — 91’3 — 61’4 =2
60x; — 1229 — Dxz — 314 = 4
—24x1 + bxo + 223 + x4 = 2
28 —6 -2 —17 " 1 1 -3 -2
. 105 —20 -9 —6 3 4 -12 9 .
using the fact that 60 —12 —5 —3 =13 o 1 6 (Other methods may result in the
—24 5 2 1 3 4 —-14 —14
loss of points.)
Solution: Use the X = A™'B formula:
1 28 —6-2-17""' 10 1 1 -3 -2 0 —14
x2 | | 105 =20 -9 —6 |2 _ |3 4-12 =9 |2| _|-58
x3 | 60 —12 -5 -3 41 13 0 1 6 4 16
Ty —24 5 2 1 2 3 4 -14 —-14 2 —76

Grading: +5 points for the A~ B formula, +5 points for substituting A=, +5 points for do-
ing the multiplication. Grading for common mistakes: —5 points for AB; +5 points (total) for
using another method and getting the correct answer.

5. [15 points] Parameterize the solutions to the system of linear equations whose matrix, in reduced row
echelon form, is below. Assume that the original variables were x1, x2, T3, T4, and x5.

1 0 0 0 2] -4
0o 1 -1 0 -=2| 8
0 O 0 1 3| —4
0 0 0 0 0l 0

Solution: The variables which do not have pivots in their columns are 3 and x5. They are free
variables, so set 3 = r and x5 = s. The rows of the matrix represent the equations

T+ 2205 = —4 r1=—4—2x5 =—4—2s
Tog — X3 — 205 = 8 so xo=84x3+2x5=8+1r+2s
T4+ 3r5 = —4 vy =—4—3x5 =—-4—3s

so the parameterization is

1 =—-4—-2s

To=8+71+2s

r3=T

gy =—4—3s

T5 =8

where r, s can be any real numbers

Grading: +5 points for finding the free variables, +5 points for finding the equations for the
lead variables, 42 points for writing them together, 43 points for including the “where ... can be
any real numbers” condition.



2-3-2 1

. . 2 -2 3-1

6. [20 points| Find 0 -3 _1 3
0 3 0 O

Solution: Two methods will be presented below. First, expansion by minors, followed by Sarrus’s
method. (x denotes a matrix whose entries are unimportant.)

2 5 5 2-2 1
0 -3 _1 3 =0 -—[*|+3-+|2 3 1|40 -—[*[+0-+x]
YT EM : R4 0 -1 -3
0 3 0 0
:3[(*18)+(0)+(*2)*(0)*(2)*(12)]:
Gaussian elimination:
2 -3 -2 1 2 -3-2 1 2 -3 -2 1
2 -2 3 -1 0 1 5-2| — |0 1 5 -2
0-3-1-3] 5@ |0-3-1-3 ®@+3@ o 0 14 -9
0 3 0 0 0 3 0 0f @®=3® |o 0-15 6
2 -3 -2 1 2 -3-2 1
0 1 5 -2 0 1 5 -2
0 0 —1-3 0 0-1-3
+ —15
O+® 0 0-15 6 ® ® 0 0 0 51

=2-1-(-1)-51 =[-102.]

Grading for common mistakes: —2 points for not following the + —+— pattern; —10 points for
bad row operations; —5 points for not keeping track of the effects of row operations on the deter-
minant; —5 points for bad planning.



